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Photoelastic Stress Analysis of a Composite Cylinder
Subjected to Mechanical Loading

K. Chandrashekhara* and K. Abraham Jacobt
Indian Institute of Science, Bangalore, India

A method of manufacturing birefringent materials for making composite photoelastic models that will have
different elastic constants at their common stress freezing temperature is discussed. Using these materials and
stress freezing technique, the problem of a composite cylinder uniformly supported at one end and subjected to a
concentrated load at the other end is solved. A method also is developed to determine the interface stresses
directly from the photoelastic data of the slices by use of the continuity conditions along the interface. The
complete stress distribution in the cylinder is obtained by use of a numerical method developed earlier by the
authors, which makes use of the experimentally determined boundary stresses and the compatability equations
in terms of stresses. Some results are presented to show the application of the method.

Introduction

ECENTLY there has been considerable interest in both
Rtheoretical and experimental analysis of composite
bodies under various loading conditions. The main ap-
plication . is found in- the field of fiber-reinforced plastics,
reinforced concrete, laminated beams and plates, and
foundation structures. From the experimental point of view,
there have been some difficulties in making and analyzing
composite models with use of the photoelastic method which
have been discussed by earlier investigators, ! and solutions
to some problems have been obtained. 3

In this paper, method of manufacturing materials for
making composite models that will have different elastic
constants at their common stress freezing temperature is
discussed. Using these materials and the stress-freezing
technique, the problem of a composite cylinder uniformly
supported at one end and subjected to a concentrated load at
the other end (Fig. 1) is solved. In previous investigations,
interface stresses have been determined using the shear dif-
ference method. This method can give erroneous results when
determining the interface stresses. In this paper, a method is
given to determine the interface stresses directly from the
photoelastic data by use of the interface conditions. This
method gives better results compared to the shear difference
method, since the cumulative nature of error inherent in the
shear difference method is eliminated. Once the boundary and
interface stresses are determined, the interior stresses are
computed by use of a numerical method developed earlier by
the authors.®’ This method requires minimum experimental
data and is found to give fairly accurate results.

Model Preparation

There are different methods available for obtaining model
materials with different values of modulus of elasticity at a
temperature above the glass transition temperatures of both
of the materials (termed the common stress freezing tem-
perature). This can be achieved by one of the following ways,
viz., by use of 1) different materials, 2) different percentage
of hardener or types of hardener with a common resin, 3)
anhydride curing systems, or 4) copolymerization of resin. A
detailed review of the preceding methods can be found in Ref.
7. In the present investigation, the composite model was
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manufactured by use of two different formulations to
polymerize the epoxy resin Araldite CY-230. These for-
mulations were 1) Araldite CY-230, 100 pbw, and pthalic
anhydride, 30 pbw; and 2) Araldite CY-230, 100 pbw, pthalic
anhydride, 20 pbw, and maleic anhydride, 25 pbw.

In the first case, the resin was heated to 110°C, and pthalic
anhydride was dissolved at a slow rate at this temperature.
The mixture then was filtered and poured into a mold coated
with a suitable mold-release agent. The mold then was
transferred to an oven, and the mixture was allowed to gel ata
temperature of 95°C. The material then was cooled to room
temperature and stripped from the mold in the rubbery state.
The model was cured at 120°C and then machined to the
required size. Following this casting procedure, it was found
that no residual stress developed in the model.

For the second formulation, the resin was heated at 110°C,
and the pthalic anhydride was dissolved as earlier. Then the
mixture was cooled to 95°C, and the maleic anhydride was
dissolved at a slow uniform rate. This mixture was filtered
and poured into a mold kept at 95°C in the oven. The rest of
the procedure is the same as in the first formulation. The
mechanical and optical properties of the two materials were
determined at 120°C with the use of beam and disk
specimens. These are given in Table 1.

The composite model was made by bonding together the
two models prepared from the different formulations. The
bonding was done at room temperature using the following
epoxy compound: Araldite CY-230, 100 pbw, and Hardner
HY-951, 10 pbw. The two models were bonded in such a way
that the thickness of bonding material was negligible.

Analysis'of Interface Stresses

The interface stresses can be determined directly by making
use of continuity conditions and the photoelastic data of the
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Fig.1 Composite cylinder subjected to concentrated load.
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Table 1 Properties of the model material at 120°C
(stress freezing temperature)

Material
Modulus fringe Figure of
of elasticity Poisson’s - value f, merit 1,
Material E, kg/cm?  ratior kg/cm/fringe fringe/cm

Araldite CY-230

and pthalic

anhydride 122 0.49 0.35
Araldite CY-230,

pthalic

anhydride, and.

maleic

anhydride 530 0.48 0.305

348.57

1737.70

slices along the interface. The continuity conditions along the
interface are as follows:

Stress Conditions

(Uz)lz(oz)ZZUz) (Trz)IZ(Trz)Z (1)
Strain Conditions
(e.)i=(e)2 (&)1 =(e)2 )]

From the stress-strain relations, we have
&= (1/E) [0y —v (0, +0,)] (3a)
&= /E)lo,—v{gp+0;)] (3b)
Now using the interface strain conditions [Eq. (2)], we get
[(og);—wi{(0,); +(0;);})
=(E1/E2)[(09)2_V2{(Ur)2+(0z)2}] “)
[(o.);=v{(0p); +(5;);}]
=(E,/E;) [(0,); —v;{{0); + (0;), 1] (5)
where subscripts 1 and 2 represent the models manufac¢tured
from formulations 1 and 2, respectively.
From the photoelastic data of the slices taken normal to the

interface (Fig. 2), we can get the difference of normal stresses
as

[(0.); =01 =(Np), (F,); cos2(b,), (62)
[(0,); =0 ] =(Ng)s (F,), cos2(0,); (6b)
[(og); =0 ] =(N,); (Fy); cos2(8,), (6¢)
[(o5); =01 =(N,),(F;); cos2(6,); (6d)

and, along the interface,

(7,2)1 = (7)) =¥ (Ny), (F,),;sin2(6,),
=12 (Ng)z (F, )z sin2(6,); @)

Using Egs. (6) and (4) and eliminating (o,);, (o,);, (05);,
and (o, ),, we get the following expression for o, :

o, =[(E//E)) Qv =)+ (I=2v)) ] 71 [ = (Ng)  (F,),
X cos2{8, ), +v; (N,), (F,),;cos2(6,),
+ (E;/E;){(Ny); (F,); % cos2(6,),}
—(E;/Ey) {v; (N, ), (F,)zc082(6,); }] \ 1C))
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which also can be obtained using Egs. (5) and (6). After
obtaining o, other stress components can be obtained using
Eq. (6).

If one of the models of the composite has a high modulus of
elasticity compared to the other (E, »E, ), so that one model
may be considered rigid, then the interface strain conditions
can be written as

(6,)13(6,.)2=G,=0 (9a)
() =(&),=¢ =0 (9b)
Following a procedure identical to the one described

previously for an elastic-elastic composite body, we can get
the following expression for g, :

o, =[(I—»)/(2v—1)]IN,;F,cos28, (10)
Equation (10) also can be obtained from Eq. (8), using the

condition (E;/E,)—0. After determining o, then o,, g, and
7,, can be determined from

g, =N F,cos20, + o, (11)
oy =[v/(I—v)]o, 12)
T, = V2 Ny F,sin20, (13)

It may be noted that, for the rigid-elastic case, the
photoelastic data are required for the elastic part only; hence
only this part of the composite model need be birefringent.

A dark field isochromatic pattern of meridian slice, taken
from the composite cylinder loaded as shown in Fig. 1, is
given in Fig. 3. The stresses along the interface have been
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Fig. 2 Slicing and data collection details for the composite cylinder
subjected to concentrated load.
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Fig. 3 Dark field isochromatic pattern of the meridian slice taken
from the composite model cylinder.
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Fig. 4 Distribution of stresses along the interface of the composite
cylinder.

determined using Eqgs. (6-8). The distribution of stresses along
the interface so obtained is shown in Fig. 4. The boundary
stresses for model 2 have been detérmined from the
photoelastic data of the slices (Figs. 2a-2c). Then the complete
stress distribution in model 2 has been obtained by using the
following numerical procedure.

Interior Stresses

In the case of composite bodies, once the interface stresses
are determined as described earlier, the two models can be
treated separately for thedetermination of interior stresses.
The boundary stresses for each of these models (apart from
the interface) then are determined. Using the boundary and
interface stresses for each model .separately, the interior
stresses can be determined using a numerical procedure
recently developed by the authors.® This involves the
numerical solution of compatability equations in terms of
stresses for an axisymmetric body. The stress compatability
equations can be written as

1 S
V20, — = (0, — — — =0 14
T te 06)+1+v ar? (14
v? +2( )+ 1 18 0 (15)
gy + — —0 — ==
82 T I+v r or
1 94°S
2 IR 16
Vit 1+4v 072 (16)
1 1 9’8
L S — = 17
VT r? I+4v 0roz a7
Adding Eqgs. (14) and (15), we get
1 [9°S 1 os
v? (g, + +~—[——— ———]=0 18
(o +0) I+v Lar? * r or 1)
Subtracting Eq. (15) from Eq. (14), we get .
4 1 [3*S 1 4S
v3(o,—0p) — — (0, — ——[——~———-—]=0 19
(0, —05) r? (@ CTe)+1+v arl  r or (19)
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Fig. 6 Distribution of o, along different sections.

Fig. 7 Distribution of o, along different sections.

Adding Egs. (14-16), we get
V2 (o, +0y+0,)=V?S=0 (20)

where

V2_<62+1 a+a2>
“\ar2  r ar 872

The method consists of first solving Eq. (20) with the ex-
perimentally determined values of the sum of normal stresses
S on the boundaries (including the interface) to obtain the
interior values of S by use of a finite-difference technique.
After obtaining the values of S in the interior of the body,
Eqgs. (16-19) are then successively solved again by use of a
finite-difference technique to obtain the values of o, 7.,
(0,+04), and (0,—0,) in the interior. The details of the
numerical procedure and the accuracy of the finite-difference
scheme have been discussed in Ref. 6. The distribution of
stresses o, 0,, 0y, and 7,, along different sections obtained
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Fig. 8 Distribution of 7, along different sections.
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Fig. 9 Distribution of ¢, ¢,, (5, — 0,) along the axis r=0, obtained
using the present method, and comparison with photoelastic data.

for model 2 are shown in Figs. 5-8. In Fig. 9, the distribution
of g, and g, as well as (0, — o), along the axis of the cylinder
(model 2) is shown. In this figure, the distribution of
(0, —0d,) as obtained from photoelastic data of the meridian
slice also is included for comparison. It can be seen from this
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figure that (o, —o,) generated using the numerical method
compares well with the photoelastic results.

Conclusion

It is shown here that it is possible to manufacture
photoelastic materials with different elastic properties at the
common stress-freezing temperature by using a compound
anhydride curing agent to polymerize the epoxy resin Araldite
CY-230. There is the possibility of getting a wide range of
modulus of elasticity using different percentage combinations
of anhydride compounds. It also is shown, through the
example of the composite cylinder, that the interface stresses
can be determined directly using the photoelastic data, along
with the continuity conditions. Once the interface stresses and
boundary stresses for each body are known, the interior
stresses can be determined using the numerical procedure. The
present method of solving the composite cylinder problem is
much simpler, requires less photoelastic data, and is more
accurate than the well-known shear difference method, which
has been the only method available for complete stress
distribution in composite bodies.
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